The propagation of leaky Lamb waves in a plate consisting of a general balanced symmetric composite material is considered. The problem has been examined both analytically as well as experimentally. An exact solution for the dispersion equation was obtained. Numerical results for complex-valued wavenumber were obtained for an isotropic material (aluminum) and a (0/90 3 ) s graphite/epoxy laminate. Excellent agreement for the isotropic case and a satisfactory agreement for the anisotropic case between the theory and experiment were observed.
INTRODUCTION
Lamb waves are waves propagating in the plane of a plate with traction-free boundaries. In the case of plane Lamb waves, the particle displacement is in two directions: (1) the wave propagation direction and (2) transverse isotropic elastic behavior of a unidirectional composite in the long wavelength limit, using a two-step procedure based on alternating layered media. These results were then applied to a fluid-loaded anisotropic plate, which is assumed to approximate the unidirectional fibrous composite laminate. The first limitations in all these theories is that they only consider ideal unidirectional composites with waves traveling in the fiber direction. Practical laminates, however, are cross-ply and angle-ply laminates, and the effect of waves in these laminates becomes extremely complicated. The second limitation is that these theories have not considered the effect of fluid immersion and, hence, attenuation due to the leakage into the surrounding medium has been neglected.
As noted earlier, Habegar 18 calculated the dispersive equations for a balanced symmetrical laminate in vaccuum (i.e., traction-free boundary conditions). The object of the present work is to extend his analysis to the case of a laminate immersed in a liquid. The equations have been written in a form so that they can be used in conjunction with the effective stiffness matrix generated by any theory. The composite plate is replaced by an equivalent homogeneous anisotropic plate. Closed-form dispersion equations are derived for both the symmetric and antisymmetric modes of Lamb wave propagation; an exact numerical solution is given. Due to particle displacement normal to the plate, waves are also set up in the surrounding fluid. This is the mechanism by which energy "leaks" from the plate into the liquid; hence, the term "leaky Lamb waves." At the risk of stating the obvious, the wavenumber is complex; the imaginary part is the attenuation and is a measure of the energy leaked into the liquid. Stiffness matrix calculated from the "effective modu- 
I. THEORY
The development of the dispersion equations has traditionally been approached in two different ways. First, as developed by Lamb, the particle displacement U is written in terms of a scalar and a vector potential. A plane harmonic wave propagating in the plane of the plate is assumed, which allows•the potential to be written so that the separation of variables technique can be used. The solution of potential equations is then used to satisfy the boundary conditions and the dispersion equation, linking wave speed and frequency, is obtained. The second approach, namely, the method of partial waves, is more recent and is followed by Achenbach. 23 Harmonic waves can travel in a plate by reflecting back and forth between the two plane surfaces. These waves combine in such a manner that in the steady state a wave which consists of a traveling wave in the plane of plate and a standing wave in the thickness direction is obtained. This approach is more fundamental in that it directly provides the wave solution and results in a clearer picture of the nature of the wave propagation. In the following, the second approach has been used. Since all the tests are performed under water, wave propagation in a plate immersed in a fluid is considered and suitable boundary conditions are applied.
A liquid-borne longitudinal wave incident on an unbounded plate is shown in Fig. 1 A plane wave traveling in an arbitrary direction x may be written as
where U is the displacement vector, Uo its amplitude, and k is the wavenumber vector.
We now assume a plane strain condition considering an infinite plate. The displacement U2 and all derivatives with respect to y vanish. Substituting Eqs. ( 1 ) and (2) 
where Um and U3o are the wave amplitudes. Substituting Eqs. (5) and (6) in Eqs. (7) and (8) 
U3 = exp[ i( kxx -rot) ] (R e [M exp(ikzez) --N exp( --ikzez) ] + R•n [P exp(ikz,"Z) -Q exp( -ikz,"Z) ]},
where 
That is, the normal stresses in the plate and the liquid are equal and the shear stresses on the plate surface are zero as the fluid does not sustain shear. In addition, the continuity of displacement demands,
where W,. is the displacement in the liquid. Substituting Eqs. ( 13 ) and (14) 
where g = mN2 + nN1 + r and l = mN1 + nN2 + s. Similarly, substituting the values of M and N into Eqs. 
Thus we have two transcendental equations with two unknowns k• and k 2. The modified Newton's (Secant) method is used to arrive at the roots of these equations. The initial estimate of the roots is k l as obtained from step one (kl for the Lamb wave in the plate in air) and k 2 = 0. Now, kl is incremented in steps of 0.1 and k 2 in steps of 0.01. Since the Newton's method converges quadratically, the roots are obtained fairly rapidly. The nature of these equations is quite complicated and, at places, roots are close together. It is difficult to study the uniqueness and convergence of all the roots for such a complicated equation. Hence, it is quite possible that depending on the gradient of the equations and roots being close to each other, the solution may converge to some nearby root. To guard against this occurrence, we drew the complete dispersion curve diagram. It was found that, in general, the convergence was unique and rapid. Only at a few points the solution did not converge and sometimes it would converge at a nearby root. These points could be easily identified from the dispersion diagrams by using the following criterion: Since the dispersion curves in air are smooth, it is reasonable to expect that the dispersion curves for the plate immersed in the fluid will also be smooth.
In the foregoing, the effective elastic moduli of the plate were calculated using the classical laminate theory. Heuristically, when the wavelength is very large compared to the plate thickness, one would expect our calculations to be a fairly accurate representation of the reality. On the other extreme, when the wavelength is short compared to the plate thickness and, more importantly, where it is comparable to the plate thickness, clearly the theory is expected to break down, for now the wave begins to "see" the individual plies. A question of practical significance is: Where does the transition occur? A systematic examination of the issue is beyond the scope of the work. However, in the following, we have proved this issue to a limited extent. This was the motivation for carrying out the experiments described next. It will be sho,wn that the elementary "rule of mixtures" theory gives surprisingly good results up to ktd = 3.5, where k t is the shear wavenumber. Fig. 2 is a block diagram of Lamb waves will not be produced. Hence, a long wavetrain is used that establishes the frequency of the signal and the effect of the transients can be ignored. The transmitter and the receiver move on precision traveling mechanisms graduated to 0.001 in. The specimen is mounted on a turntable graduated to 0.1 deg. When the specimen is rotated, the transducers are moved accordingly so that the same length of the specimen is always interrogated. The specimen is rotated in small steps and the peak amplitude and location of a reference peak of the wave train is recorded.
III. EXPERIMENTAL PROCEDURE

Shown in
The specimen is fixed at the angle identified as the Lamb angle for the measurement of attenuation. The receiver is moved by 0.5 ( 12.7 mm) in. in steps of 0.05 ( 1.27 mm) in. and the received signal is recorded. An exponential curve is fitted through this amplitude decay and the attenuation coefficient is estimated by the least-squares fit. The composite specimens tested during this work were fabricated using Magnamite AS4/3502 graphite/epoxy prepreg tapes manufactured by Hercules Inc.
IV. RESULTS AND DISCUSSION
The accuracy of our theory was checked in two ways:
(1) against previous theories and (2) against our own experiments.
The dispersion equations for a steel plate in water were solved with c,,-c22 =c33, c12 = C13 = C23, and c,•-(E/ p) 2, and a complex wavenumber was calculated. Figure 4(a) shows the dispersion curves for the steel plate Fig. 5(b) ]. This results in a correspondingly small received signal for the So mode (Fig. 6) and a poor signal-to-noise ratio. Hence, a larger scatter in data is to be expected. The importance of calculating attenuation curves becomes apparent: Whenever possible, the tests should be performed at low attenuation values to get accurate results.
Two questions arise at this stage regarding these measurements: ( 1 ) How do we ensure that the angle at which the measurement is made is the correct Lamb angle? (2) Is the maximum amplitude criterion sufficient to guarantee that the angle is a Lamb angle? These questions are addressed here.
The angle of incidence for the Lamb waves can be checked by a very simple method. Shown in Fig. 7 is the schematic of the signal traveling through the specimen.
When the receiver is at its initial location, the total travel time is given by ti = l, + l 2 q-14. Next,' tests were performed on a (0/903) s graphite/epoxy composite. The dispersion and attenuation curves for this specimen are shown in Fig. 8 (a) and (b), respectively. (The derivation of elastic constants for this laminate is deferred to the Appendix. ) The experimental results are shown as discrete circles in Fig. 8 . The comparison between the theory and experiments is considered reasonable. On the dispersion curves, the comparison does not ldok very good, but the reason for this discrepancy is as follows. The stiffness coefficients used to solve the dispersion equations are for an ideal composite, with coefficients obtained by the rule of mixtures. Since the laminate used for the tests was fabricated by the author, it is expected that the properties of the laminate will not be as good as the theory suggests. The statically measured stiffness of the laminate is lower and the corresponding wave speed is shown as an arrow in the figure. In view of the reduced value of C ll the entire dispersion curves will be shifted downwards and then an excellent agreement between theory and experiment will be observed. This also means that all the elastic constants to be used in the equations should be determined experimentally. Then only, the solution of the dispersion curves will be truly representative of the response of the plate. The low attenuation values shown in Fig. 8 (b) could be measured, but then the attenuation rises very rapidly and cannot be measured at higher frequencies due to the reasons described earlier. 
